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A STUDY OF SUBMANIFOLDS OF THE COMPLEX 

GRASSMANNIAN MANIFOLD WITH PARALLEL SECOND 

FUNDAMENTAL FORM 

ISAMI KOGA AND YASUYUKI NAGATOMO 



Abstract. We prove an extension of a theorem of A.Ros on a characterization 
of seven compact Kaehler submanifolds by holomorphic pinching [5] to certain 
submanifolds of the complex Grassmannian manifolds. 



^ ' 1. Introduction 



Let CP™(1) be the n-dimensional complex projective space with the constant 
C"| ' holomorphic sectional curvature 1 and M m an ra-dimensional compact Kahler sub- 

manifold immersed in CP™(1). In [5] Ros proved that the holomorphic sectional 
curvature of M is greater than or equal to | if and only if M has the parallel 
second fundamental form. Our goal in the present paper is to extend this resut to 
submanifolds immersed in the complex Grassmannian manifold. 
CN1 , Let Gr p (C n ) be the complex Grassmannian manifold of complex p-planes in 

C". Since the tautological bundle S —> Gr p (C n ) is a subbundle of a trivial bundle 
GV P (C") x C" -> Gr p (C n ), we obtain a quotient bundle Q -> Gr p {C n ). This 
q^ ' is called the universal quotient bundle. We notice the fact that the holomorphic 

£T) , tangent bundle T\$M over Gr p (C n ) can be identified with the tensor product of 

_il ' holomorphic vector bundles S* and Q, where S* — > Gr p (C n ) is the dual bundle of 

^^ , S — > Gr p (C n ). If C" has a Hermitian inner product, Gr p (C n ) has a standard metric 

CO ' of Fubini-Study type and S, Q have Hermitian metrics and Hermitian connections. 

In the present paper, we prove the following theorem: 

Theorem 1.1. Let Gr p (C n ) be the complex Grassmannian manifold of complex 
K^ ' p-planes in C n with a standard metric Hq t induced from a Hermitian inner product 

!-h . on C™ and f a holomorphic isometric immersion of a compact Kahler manifold 

(MjUm) with a Heremitian metric hu- We denote by Q — > GV P (C™) the universal 
quotient bundle over Gr p (C n ) of rank q. We assume that the pull-back bundle of 
Q — > Gr p (C n ) is protectively flat. Then the holomorphic sectional curvature of M 
is greater than or equal to - if and only if M has the parallel second fundamental 
form. 

Remark 1.2. We can suppose that p > q without loss of generality because Gr p (C n ) = 
Gr n _ p (C" ). In fact we can show that there is no immersion satisfying projectively 
flatness in the case that p < q. (See Remark 3.1.) 

Remark 1.3. When q = l, Theorem 1.1 is the same as a theorem of Ros [5]. In this 
case, f*Q — > M is projectively flat for any submanifold because Q — > Gr p (C n ) is of 
rank 1. The sufficient condition in our theorem is that the holomorphic sectional 
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curvature is greater than or equal to 1, which is distinct from \ in a theorem of Ros. 
This is because we take a metric of Fubini-Study type with constant holomorphic 
sectional curvature 2. 

2. Preliminaries 

Let Gr p (C n ) be the complex Grassmannian manifold of complex p-planes in C ra 
with a standard metric \iq t induced from a Hermitian inner product on C™. We 
denote by S the tautological vector bundle over Gr p (C n ). Since S — > Gr p (C n ) is 
a sub-bundle of a trivial vector bundle C^ = Gr p (C n ) x C™ — > Gr p (C n ), we obtain 
a holomorphic vector bundle Q —> Gr p (C n ) as a quotient bundle. This is called 
the universal quotient bundle over Gr p (C n ). For simplicity, it is called the quotient 
bundle. Consequently we have a short exact sequence of vector bundles: 

0->S->C2.->Q->0. 

Taking the orthogonal complement of 5* in C^ with respect to the Hermitian inner 
product on C™ , we obtain a complex subbundle S 1 - of C" . As C°° complex vector 
bundle, Q is naturally isomorphic to S . Consequently, the vector bundle S — > 
Gr p (<C n ) (resp. Q — > Gr p (C n )) is equipped with a Hermitian metric h$ (resp. /iq) 
and so a Hermitian connection V s (resp.V^). The holomorphic tangent bundle 
over Gr p (C n ) is identified with S* (g> Q — > Gr p (C n ) and the Hermitian metric on 
the holomorphic tangent bundle is induced from the tensor product of hs* and Iiq. 
Let w\,- ■ ■ ,w n be a unitary basis of C n . We denote by C p the subspace of C n 
spanned by W\,- ■ ■ ,w p and by C q the orthogonal complement of C p , where q = n—p. 
The orthogonal projection to C p , <C q is denoted by ir q , n q respectively. Let G be 
the special unitary group SU(n) and P the subgroup S(U(p) x U(q)) of SU(n) 
according to the decomposition. Then, Gr p (C n ) = G/P. The vector bundles S,Q 
are identified with GxpC p , GxpC q respectively. We denote by T(S), T(Q) spaces 
of sections of S, Q respectively. Let ttq : C" — > T(Q) be a linear map defined by 

ttqH := [g^g^w)] eGx P C, we C n ,g e G. 

The bundle injection iq : Q — > C™_ can be expressed by the following : 

iQ{\9A) = M,9V), v e C\ g G G, [g] e Gr p (C n ) - G/P 

Let t be a section of Q —¥ Gr p (C n ). Since zq(<) can be regarded as a C"-valued 
function t : Gr p (C n ) —$■ C™, irQd(iQ(t)) defines a connection on Q. This is nothing 
but V Q . 

Similarly, we can write a bundle injection ig : S 1 — >• C^ and a linear map 7rs : 

C™ -> r(5): 

»s([ff,«]) - ([ff],ffu), « e C p , .9 G G, [.9] G G/P, 

n s (w) : = [3,7r p (£/ _1 uj)], to G C\ 5 G G. 

The connection TTsd(is(s)) on 5 1 is nothing but V s . 

We introduce the second fundamental form H in the sense of Kobayashi [I], 
which is a (l,0)-form with values in Hom(S f , Q) = S* ® Q : 

(2.1) cMs)=V 5 S + ff(s), #(s)=7r Q dfe(s)), a€T(S). 

Similarly, we introduce the second fundamental form K, which is a (0,l)-form with 
values in Hom(Q, S) = Q* <8> S : 

(2.2) dz Q (t) = ^(i)+V Q t, K{t) = TT S d{i Q {t)), teT(Q). 
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Lemma 2.1. The second fundamental forms H and K satisfy 

h Q (Hs,t) = -h s (s,Kt), s€ S x ,t€Q x , 

for any x £ Gr p (C n ). 

Proof. See [I]. □ 

Lemma 2.2. For a vector w £ C", let s — tts{w) and t — ttq(w). Then 

V s s = -K(t), V Q t = -H(s). 

Proof. Since is(s) + *g(i) = ([g], w), we have 

= its (dis(s) + di Q (t)) = V s (.s) + K(t). 

Thus V s s = -K(t). Similarly V Q t = -H (s). D 

Since H is a (l,0)-form with values in S* €5 Q, then H can be regarded as a 
section of T* T 1>0 . 

Proposition 2.3. H can be regarded as the identity transformation of Ti.o 

The unitary basis w\, ■ ■ ■ , w n of C n provides us with the corresponding sections 

s A = n s (w A ) £T(S), t A = ttq(wa) £ F(Q), A = 1, ■■■,ra. 

Proposition 2.4. .For arbitrary (l,0)-vectors U and V, we have 

n n 

h Gr {U,V) = ^ hsiKytA^KjjtA) = ^ h Q {H uSA ,H v s A ). 

A=l A=\ 

Proposition 2.3 and Proposition 2.4 were proved by the second author in J3J. 
Remark 2.5. From Lemma 2.1 and Proposition 2.4, we can express 



(2.3) gcr(U, V) = -tiaceQHuKy = - traces Ky-Hjj. 

Since any vectors in S x (resp. Q x ) can be expressed by a linear combination 
of Si (#),-•• , s n (x) (resp. t\{x),--- ,t n (x)), it follows from Lemma 2.2 that the 
curvature R s of V s and Ry of V^ are expressed by the following: 

(2.4) R s {U,V)s A = V^(V s s A )(V) - V|(V 5 Sj4 )(C7) = K y H uSA , 

(2.5) R Q (U, V)t A = V$(V Q t A )(V) - V^(V Q t A )(U) = -H v K v t A . 

It follows from h Gr = h s * ® /iq that the curvature R Gr of the complex Grass- 
mannian manifold can be expressed R s ® Uq + Ids* <S> R® ■ Thus we can compute 
R Gr as follows : 

(2.6) R Gr (U,V)Z = -H z K-H u -H u K v H z , 

for (l,0)-vectors U, V, Z. 

Remark 2.6. Let us compute the holomorphic sectional curvature of Gr„_i(C n ). 
Since the quotient bundle over Gr„_ i(C") is of rank 1, then it follows from the 
equations (2.3) and (2.6) that 

R Gr (U,V)Z = -HzKyHu - HuKyHz. = h Gr (Z, V)U + h Gr (U, V)Z, 

where U,V is (l,0)-vectors. Thus for any unit (l,0)-vector U we obtain 

Hol Gr (f/) = h Gr (R Gr (U,U)U, U) = h Gr {2U, U) = 2, 

where Hoi r (U) is the holomorphic sectional curvature of Gr„_i(C n ). 
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3. Proof of Theorem 1.1 
We have a short exact sequence of holomorphic vector bundles: 

-> T h0 M -». T lfi Gr\ M -»• i\T ->■ 0, 

where Ti^Gr \m is a holomorphic vector bundle induced by / from the holomorphic 
tangent bundle over GV p (C n ) and JV is a quotient bundle. In the same manner as 
in the previous section, we obtain second fundamental forms a and A of TM and 

N: 

(3.1) V G r r V = V^V + a(U,V), U ET C M, V eT(T lfi M), 

(3.2) vg r e = -A e (7 + V^, U e T c Af, £ e T(iV). 

For each point x E M , a : T\$ M x T^o M — > 7V X is a symmetric bilinear mapping. 
This is called the second fundamental form of M. The second fundamental form 
A : N x x To,i M — > Ti,o M is a bilinear mapping. This is called the shape operator 
of M. We follow a convention of submanifold theory to define the shape operator. 
Second fundamental forms a and A satisfy the following formulas. 

Formulas. • cr(U, V) = 0, A(U = 

. h Gr (a(U, 7U) = h Gr (V, A^U) 

. /i Gr (fl M (t/,V)Z,W) =ft Gr (ii G '-(^ L V)Z,W) -^(^(^ZJ.^V.W)) 
. h Gr (R N (U, V)£, T}) = h Gr (R Gr (U, V)£, V ) + h Gr (A^V, A V U) 
. (V v cr)(U,Z) = (V u a)(V,Z) 

. (V v a)(U,Z) = -(R Gr (U,V)Z) ± 

Note that the quotient bundle N is isomorphic to the orthogonal bundle Tf - M 
as a C°° complex vector bundle. The third, fourth and fifth formulas are called the 
equation of Gauss, the equation of Ricci and the equation of Codazzi respectively. 
From the equation of Codazzi, 

Vcr : T 1>0x M® T lfix M® T lfix M — ► N x 

is a symmetric tensor for any x € M . 

We assume that f*Q — >• M is projectively fiat. f*Q — > M is projectively flat if 
and only if 

R f ' Q {U,V) = a(U,V)ldQ tw , for (7,y e T lfi M x , 

where a is a complex 2-form on M . Since R* ** is (l,l)-form, so is a. It follows 
from the equation (2.3) that 

h M (U,V) = tr&ccR Q (U,V) = q ■ a{U,V). 

Therefore, f*Q — >• M is projectively flat if and only if 

(*) R f ' Q (U,V) = -h M (U,V)ld Qnx) , for U,V€T lfi M x . 

Remark 3.1. It follows from the equation (2.5) that 

R rQ (U,V) = -H V K V :Q X ^S X ^ Q x . 

Therefore, if an immersion / satisfies the equation (*), the rank of S is greater than 
or equal to that of Q. 
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We denote by Hoi the holomorphic sectional curvature of a Kahler manifold. By 
the equation of Gauss , if U is a unit (l,0)-vector on M, then 

Hol M (lO = h M (R M (U,U)U,U) = h Gr (R Gr (U,U)U,U) - \W(U,U)\\ 2 

= Uo\ Gr (U)-\\a(U,U)\\ 2 . 
Lemma 3.2. Under the assumption, for any unit (l,0)-vector U on M we have 

Uo\ Gr (U) = -. 

q 

Proof. Let U be a unit (l,0)-vector on M at x £ M. By the equation (*), we have 
(3.4) - HuK w =R^ Q (U,U) = -Idg.. 

q 

It follows from equations (2.6) and (3.4) that 

Rol Gr (U) = h Gr (R Gr (U, U)U, U) = ^hs^QiHuKjjHu^Hu) 

2 2 

= -hs*®Q(Hu,Hu) = -■ 
q q 



□ 



Lemma 3.3. Under the assumption, for any (0, l)-vector V on M we have 

Vf a = 0. 
Proof. By the equation (2.6) and the equation (*), it follows that 
R Gr (U,V)Z = -H z K v Hu - HuKyHz 

= -h Gr (Z,V)U +-h Gr (U,V)Z. 

q q 



By the equation of Codazzi, we have 

V 



V^a(U, Z) = -{R Gr {U, V)Z) ± = 0. 



□ 



We use the complexification of Ros' lemma in [5]. 



Lemma 3.4. Let T be a (p,q)-covariant tensor on an m- dimensional compact 
Kahler manifold M . Then 

(VT)(U,U, ■■■ ,U,U,--- ,U)dU = 0, 

UM 

where UM = {U £ T lfi M \ \\U\\ = 1}. 

Proof. We regard M as a 2m-dimensional compact Riemannian manifold with the 
almost complex structure J. If U is a (l,0)-vector on M, then there is a real vector 
X on M such that 

u = -L(x - ^ijx), u = ^=(x + V^Tjx). 

Then we can define real fc-covariant tensors K, L by the following: 



2K(X U --- ,X k )=T(U ir -- ,U P ,U P+1 ,--- ,U k )+T(U 1 ,--- ,U P ,U P+1 ,--- ,U k ), 



2L(X 1 ,--- ,X k ) = V^l{T(U 1 ,--- ,U P ,U P+1 ,--- ,U k )+T(U u --- ,U P ,U P+1 ,--- ,U k )}, 
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where k = p + q, U\, ■ ■ ■ ,Uk are (1, 0)-vectors corresponding to Xi, ■ ■ ■ Xu. Then 
T, K and L satisfy the following equation: 



(3.5) T(J7i,... ,U P ,U P+1 ,--- ,Uk) = K{X lr -- ,X k ) - V-1L(X U ■ ■ ■ ,X k ). 
We get the covariant derivative of both sides of the equation (3.5): 

(V F T)([T, ■ ■ ■ , U, ■ ■ ■ ) = -^=(V x+ V=ijxK)(X, ■ ■ ■ ,X) 

(3.6) % 

-^(Vx+Y=ijxL)(X,---,X)- 

Since the covariant derivative is linear, then 

(3.7) _ 
(^x + V=TJxK)(X, ■ ■ ■ , X) = (VxK)(X, ■ ■ ■ , X) + yf-t{V j X K){X, ■ ■ ■ , X). 

We use the original lemma of A.Ros [5]. 

Lemma 3.5 (A.Ros). Let T be a k-covariant tensor on a compact Riemannian 
manifold M . Then 

[ (VT)(X,-.- ,X)dX = 

JUM 

For a proof, see [S]. From equations (3.6), (3.7) and Lemma 3.5, we get the 
result. □ 

Proof of the Theorem. We define a (2,2)-covariant tensor T on M by 

(3.8) T(U,V,Z,W) = hGr(o-(U,V),a(Z,W)), 

where U, V, Z, W are (l,0)-vectors on M. Using the equation of Ricci and the 
equation of Codazzi, we obtain 

(V 2 T)(Z7, U, U, U,U,U) = h M ((V 2 a)(I7, U, U, U),a(U, U)) + \\(Va)(U, U, U)\\ 2 . 

Using the Ricci identity, we obtain 

(V 2 cr)([/,!7, U, U) - (V 2 cr)(I7, U, U, U) = R^iU,!]) (a(U, U))-2a (R M \UjJ)U, U) . 

It follows from Lemma 3.3 that 

(V 2 cr)(Z7, U, U, U) = -R^{U,U) {a{U, U)) + la (R M (U,U)U, U) . 

Therefore, we obtain 

(3.9) 

(V 2 T)(Z7, U, U, U,U,U) = -h G r (R^(U,U)(a{U, U)),a(U, U)) 

+ 2h Gr (a(R M (U,U)U, U),a(U, U)) + || (Va)(U, U, U)\\ 2 . 

From the equatin of Ricci, we have 

hGr (R ± (U,U)(<j(U, U)),a(U, U)) = h G r (R Gr (U,U)(o-(U, U)),a(U, U)) + \\A a(um U\\ 

Using the second fundamental forms H and K of vector bundles, we can compute 
their equations more: 

(3.10) 

h Gr {R ± (U,U)(a(U,U)),a(U,U)) = hGr(-H oiUt0) K w Hu,H a{UiU) ) 

+ hGr{-HuKxjH a {u,u)<, H<t(u,u)) + \\A a (u,u)U\\ ■ 
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In the following calculation, we extend (l,0)-vectors to local holomorphic vector 
fields if it is necessary. 

Lemma 3.6. The covariant derivative of W ^ by a (l,0)-vector is identically zero 
if and only if H a ajjj)Kjj = for any (l,0)-vector U . 

Proof. We have 

y z R f ' Q ) (U,V) = -V z (HuK v ) + H VzU K w = -(W Z H)(U)K V . 

Since we can easily show that -ff CT ([/,(7) = C^uH)(U), we obtain 

-H a{u , u) K w =(V u H)(U)K w = (VuR f ' Q ^j (U,U) = 0. 

□ 

It follows from the assumption that 

'VzR rQ ) (U,V) = V z (R rQ (U,V)) - R f ' Q (V z U,V) 



= -V z (h M (U, V)) Id Q - -h Gr (VzU, V)Uq 
= -h Gr {VzU, V)ld Q - -h Gr (V z U, V)ld Q = 0, 

where U, V, Z are (l,0)-vectors on M . Then it follows from the Lemma 3.6 and 
the equation (3.10) that 

(3.11) 

h Gr (R ± (U,U)(a(U,U)),a(U,U)) = /^(-F^^w), #„([/,[/)) + \\A a(UiU) U\\ 2 

= -\\a(U,U)f + \\A a{UtU) U\\ 2 . 
q 

Using the equation of Gauss, we have 

(3.12) 

h Gr (o-(R M (U,U)U,U),o-(U,U)) = h Gr {R M {U,U)U,A a{um TJ) 

= h Gr (R Gr (U,U)U,A a{UtU) U) - WA^^UW 2 



-2h Gr (H u K u H Ul H A v ) - \\A a{um U\ 



i 



([/,[/)<- 



-\W(U,U)\\ 2 -WA^u.u^W 2 . 
q 



Combining the equations (3.11) and (3.12) with (3.9), we obtain 
(3.13) 

(V 2 T)(I7, U, U, U,U,U) = - (^\W(U, U)\\ 2 + \\A a(u ^U\A 

+ 2 Q|Kt/, U)\\ 2 \\A a{UtU) U\\ 2 ^j + \\(Va)(U, U, U)f 
= | (\\a(U, U)\\ 2 q\\A a{um U\\ 2 ) + \\(Va)(U, U, U)\\ 2 . 
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By integrating both sides of the equation (3.13), Lemma 3.4 yields 
(3.14) 

-/ {\\a(U,U)f - q\\A a{UtU) U\\ 2 ) dU + f \\(Va)(U,U,U)fdU = 0. 

Q JUM JUM 

From now on we assume that the holomorphic sectional curvature of M is greater 
than or equal to -. 

Let us compute the first term of the left hand side of the equation (3.14). We 
define £ e N as a{U, U) = \\a(U, U)\\£. Then we have 

A r7(UtU) U=\\a(U,U)\\A i U. 

We denote by r the real structure on the complcxification TcM of the tangent 
bundle over M. Let B := A^ o r. B is an anti-linear transformation and satisfies 
the following equation: 

h Gr {BU, V) = h Gr (BV, U), for U, V e T lfix M, x e M. 

If we regard B as a real linear transformation on the real vector space with an 
inner product 9\e(h Gr ) , then B is a symmetric transformation. Thus B has the 
nonnegative maximum eigenvalue A and we denote by e the corresponding unit 
eigenvector. By Cauchy-Schwarz inequality, we have 

A = h Gr (Be,e) = h Gr (A^e, e) = h Gr (£,,<r(e,e)) < ||<j(e,e)||. 

It follows from the equation (3.3), the lemma 3.2 and the hypothesis that 

P 5 C7|| 2 <A 2 <||a( e , e )|| 2 <i. 

It follows that 

\\<r(U, U)f- q\\A a(u ^U\\ 2 = MU, U)\\ 2 (l q\\A^U\\ 2 ) 

>\\<j(U,U)\\ 2 (l-q--)>0. 
Q 

Thus it follows from the equation (3.14) that 

|| (V<r) (U,U,U) || 2 = 0. 

Since Vcr is a symmetric tensor, Vcr vanishes. 

Conversely, we assume that M has the parallel second fundamental form. From 
the equation (3.3) and the Lemma 3.3, it is enough to prove that \\<r(U, U)\\ 2 < -, 
where U is an arbitrary unit (1, 0)-vector on M. Let T be a (2, 2)-covariant tensor 
on M defined by the equation (3.8). Since the second fundamental form a is parallel, 
T is also parallel and so V 2 T = 0. It follows from the equation (3.13) that 

(3.15) \\<j{U,U)f - qWA^u^Uf = 0. 

Cauchy-Schwarz inequality and the equation (3.15) imply that 

\\a(U, U)\\ 2 = h Gr (a(U, U), a(U, U)) = h Gr (U, A a(UtU) U) 

<IK(^)^|| = -^||cr(17,E;)||. 



Therefore, \\a(U, U)\\ 2 < i. 



D 
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